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A R T I C L E I N F O A B S T R A C T 

Editor: N. Lambert In general yes, but also not quite. It is known that if the Bekenstein-Hawking entropy is replaced by some kind 
of generalized entropy, then the Bekenstein bound may be grossly violated. In this work, we show that this 
undesired violation can be avoided if we employ the equivalence between generalized entropy and varying-𝐺

gravity (GEVAG). In this approach, modifying entropy necessarily also modifies gravity (as one should expect if 
gravity is indeed inherently tied to thermodynamics), which leads to an effective gravitational ``constant'' 𝐺eff

that is area-dependent, and a thermodynamic energy that is distinct from the ADM mass. We show that a relaxed 
Bekenstein bound of the form 𝑆 ⩽ 𝐶𝑅𝐸 is always satisfied, albeit the coefficient 𝐶 is no longer 2𝜋.

1. Introduction: generalized entropy and Bekenstein bound

A system with entropy 𝑆 , a suitably defined size 𝑅 and an energy 𝐸
satisfies the standard Bekenstein bound [1]

𝑆 ⩽
2𝜋𝑘𝐵
ℏ𝑐 

𝑅𝐸 = 2𝜋𝑅𝐸, (1)

where, as per the common practice in literature, we have set ℏ = 𝑐 =
𝑘𝐵 = 1. We will keep 𝐺 explicit since we will discuss modification of the 
gravitational constant later. In general relativity, we can easily check 
that a Schwarzschild black hole saturates this bound. The Bekenstein 
bound also holds in non-gravitational system (not surprising �- note the 
absence of 𝐺 in the inequality), and is related to the positivity of the 
relative entropy [2,3]. The quantum informational perspective of the 
Bekenstein bound is still an active area of research [4]. The generality 
of the bound suggests that it could be fundamental, at least in asymp

totically flat spacetimes.1 On the other hand, in the literature, one finds 
many attempts to study what happens if we were to replace Bekenstein

Hawking entropy with various generalized entropies, such as Barrow 
entropy [6], Tsallis(-Cirto) entropy [7,8], Kaniadakis entropy [9--11], 
and Sharma-Mittal entropy [12], as well as generalizations thereof [13].

One of the motivations for contemplating these other possibilities 
is that the Bekenstein-Hawking entropy 𝑆 = 𝐴∕4𝐺 = 4𝜋𝐺2𝑀2 is not 
extensive in its energy 𝑀 (that is, 𝑆(𝜆𝑀) ≠ 𝜆𝑆(𝑀)), which means that 
its underlying statistics is probably not the Gibbs-Boltzmann entropy. 

* Corresponding author.

E-mail addresses: mx120220337@stu.yzu.edu.cn (H. Lü), ycong@yzu.edu.cn (Y.C. Ong).
1 Its status in anti-de Sitter spacetimes are less clear. See [5].
2 This may not be the case, see, e.g., [14,15].

As the logic goes, since the Bekenstein-Hawking entropy is not extensive 
anyway, one might as well consider other non-extensive forms that were 
first considered in non-gravitational systems, and use it to generalize the 
Bekenstein-Hawking form. (The Barrow case is somewhat special as it 
was motivated as a quantum gravity effect.) This certainly does not look 
like a strong motivation, and so we do not advocate for the applications 
of generalized entropy for black holes. While we need not believe in 
any of these extensions, it is important to study the effects of modifying 
Bekenstein-Hawking entropy on black hole physics. If the Bekenstein

Hawking entropy is in fact correct and therefore unique, then perhaps 
we can see what will go wrong by modifying it. (Similarly, modified 
gravity theories also often lead to subtle consistency issues.)

One thing that could potentially go very wrong is the Bekenstein 
bound. To see this, we consider for example, the Tsallis entropy, usually 
given in the context of black holes as2

𝑆𝑇 ≔
𝐴0
4𝐺

(
𝐴 
𝐴0

)𝛿

=
𝐴0
4𝐺

(
4𝜋𝑅2

𝐴0

)𝛿

, (2)

where 𝐴0 is a constant of the theory. The right hand side (RHS) of the 
Bekenstein bound is

2𝜋𝑅𝐸 = 2𝜋𝑅𝑀 = 𝜋𝑅2

𝐺
. (3)

The bound is only satisfied if
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𝑆
1− 1 

𝛿

𝑇
⩽
(
𝐴0
4𝐺

)1− 1 
𝛿

= const. (4)

Evidently, since for fixed 𝛿, the Tsallis entropy 𝑆𝑇 is an increasing func

tion of 𝐴, we see that the bound fails for large black holes. This was first 
pointed out in [16] (the example we use here is similar to their compu

tation for the Barrow case). In general then, as argued in [16,17], when 
a generalized entropy is used in place of Bekenstein-Hawking one, we 
should not expect the Bekenstein bound to hold. Thus, if we take the po

sition that the Bekenstein bound is fundamental, this would either imply 
that generalized entropies are not viable (and thus this can be used to 
constrain parameters of the theory; see e.g., [18]), or that we cannot 
naively directly apply any generalized entropy with the usual assump

tion that 𝑅 = 2𝐺𝑀 and 𝐸 = 𝑀 . In fact, changing the entropy alone 
while keeping everything else unchanged has been long realized to be 
problematic and may be inconsistent (see, e.g., [19,20]; also see [21] for 
other criticisms in the context of cosmology), though this is still widely 
done in the literature.

In [22], we pointed out that if we were to take the claim that gravity 
is deeply related to thermodynamics seriously, then it is only natu

ral that gravity will also need to be modified when we generalize the 
Bekenstein-Hawking entropy. We proposed that one possible way to 
do this is via generalizing Jacobson’s method in deriving the Einstein 
field equations [23]. Specifically, we showed that if we generalized the 
Bekenstein Hawking entropy by changing the area 𝐴 to some (dimen

sionful) function 𝑓 (𝐴), namely

𝐴 
4𝐺

⟼
𝑓 (𝐴)
4𝐺 

, (5)

then the resulting theory has a field equation that has the same form 
as general relativity, except that its gravitational constant 𝐺 has to be 
replaced by

𝐺⟼𝐺eff ≔
𝐺

𝑓 ′(𝐴)
, (6)

where 𝐴 is the area of the black hole horizon, and prime denotes deriva

tive with respect to 𝐴. Since 𝐺eff is in general a function unless the 
horizon is fixed, it is a novel class of varying-𝐺 theory. We shall re

fer to this approach as the GEVAG approach, short for ``Generalized 
Entropy and VArying-𝐆 gravity''. In this work, because we only con

sider the Schwarzschild (static) solution, 𝐺eff is fixed and we need not 
worry about its variation. Since the field equation of GEVAG has the 
same form as general relativity, the Schwarzschild solution has event 
horizon located at 𝑟 = 2𝐺eff𝑀 . For more details, we refer the readers to 
[22].

This area dependence looks strange and suspicious, and we spent a 
great deal of effort making sense of it in [22]. Still, this claim has an 
unexpected supporting evidence. If we consider the usual logarithmic 
quantum gravity correction to the Bekenstein-Hawking entropy

𝑆 = 𝐴 
4𝐺

+ 𝑐 ln
(
𝐴 
𝐺

)
, (7)

for some constant 𝑐, then applying the result above, we have

𝐺eff = 𝐺

1 + 𝑐𝐺

𝐴 

. (8)

This is exactly the form one expects in the asymptotically safe gravity 
scenario:

𝐺(𝑘) =
𝐺(𝑘0) 
1 + c𝑘2

, (9)

where 𝑘0 is a reference energy scale and c another constant. In fact, the 
authors in [24] (see also [25]) had argued that 𝑘 is horizon area depen

dent: 𝑘 = const.∕
√
𝐴. This implies Eq. (9) is exactly the same as Eq. (8). 

In other words, our GEVAG approach unexpectedly implies a connection 
between the standard logarithmic correction and the ASG approach. It 
is also interesting to note that the area dependence disappears when the 

entropy is linear in 𝐴 only. Thus the Bekenstein-Hawking entropy is in 
a special class (unfortunately this does not fix the constant prefactor to 
be 1∕4).

Therefore, to check whether the Bekenstein bound is really con

sistent with generalized entropy, we need to check it in the GEVAG 
approach. In fact, based on the results already obtained in3 [26], we 
have claimed in [22] that the Bekenstein bound is satisfied, possibly up 
to some constant prefactor. However, since Bekenstein bound wasn’t the 
main focus therein, we did not elaborate on the details. In this work, we 
shall explicitly demonstrate this to be indeed the case with two explicit 
examples: Tsallis entropy and Rényi entropy. We then prove the general 
result for any generalized entropy 𝑆 = 𝑓 (𝐴)∕4𝐺.

2. Bekenstein bound for Tsallis-Schwarzschild black hole

In the GEVAG approach, the gravitational constant for the Tsallis 
entropy case becomes, via Eq. (6),

𝐺eff = 𝐺

𝛿

(
𝐴 
𝐴0

)1−𝛿
. (10)

Furthermore, via the first law 𝑑𝐸 = 𝑇𝑑𝑆 , where 𝑇 = 1∕8𝜋𝐺eff𝑀 , one 
can show that the thermodynamic energy is not the same as the ADM 
mass 𝑀 , but rather [22]

𝐸 = 𝑀

2𝛿 − 1
. (11)

As emphasized in [22], this relation is much simpler than what one 
would obtain from assuming 𝐸 ≠𝑀 , but without the GEVAG consider

ation [26,27]. In addition, positivity of energies in Eq. (11) imposes the 
bound 𝛿 > 1∕2.

We now note that

𝑆𝑇 =
𝐴0
4𝐺

(
4𝜋𝑅2

𝐴0

)𝛿

=
𝐴0
4𝐺

[
4𝜋(2𝐺eff𝑀)2

𝐴0

]𝛿
. (12)

On the other hand, Eq. (10) yields a relationship between 𝐺eff and 𝐺:

𝐺 =
𝑀2(𝛿−1)(16𝜋)𝛿−1𝐴1−𝛿

0 𝛿

𝐺1−2𝛿
eff

. (13)

We can substitute this into Eq. (12) and obtain

𝑆 = 4𝜋
𝛿
𝐺eff𝑀

2. (14)

On the other hand, the RHS of the Bekenstein bound is

2𝜋𝑅𝐸 = 2𝜋(2𝐺eff𝑀) 𝑀

2𝛿 − 1
= 4𝜋 

2𝛿 − 1
𝐺eff𝑀

2. (15)

Therefore, 𝑆∕𝑅𝐸 ⩽ 2𝜋 holds if and only if

1 
𝛿
⩽ 1 

2𝛿 − 1
⟺ 𝛿 ⩾ 2𝛿 − 1, (16)

and thus for all 𝛿 ⩽ 1. Otherwise, we can consider the ``relaxed form'' of 
Bekenstein bound by replacing the constant 2𝜋 with some constant 𝐶 . 
Then the relaxed Bekenstein bound

𝑆 ⩽ 𝐶𝑅𝐸 (17)

is satisfied for 𝑆𝑇 if we take the ``Bekenstein constant'' 𝐶 to be

𝐶 = 2𝜋
(
2 − 1 

𝛿

)
⩽ 4𝜋. (18)

Some clarifications are useful at this point. Let us first return to the 
original Bekenstein bound. The ratio 𝑆∕𝑅𝐸 is strictly less than 2𝜋 for 
non-black hole systems, and is saturated by a black hole. In principle, 
𝑆∕𝑅𝐸 ⩽ 𝐶 for any 𝐶 ⩾ 2𝜋 would also be mathematically correct, but 

3 There are some problems and unclarified subtleties in [26], so the results in 
[22] superseded it.
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Fig. 1. The Bekenstein constant 𝐶 for the Tsallis-Schwarzschild black hole is 
bounded between 0 and 4𝜋, with 0 < 𝐶 ⩽ 2𝜋 for 1∕2 < 𝛿 ⩽ 1. The dashed vertical 
line and horizontal line are 𝛿 = 1 and 𝐶 = 2𝜋, respectively.

physically 𝐶 > 2𝜋 would correspond to a hypothetical ``hyper-entropic'' 
object (i.e. an object whose entropy exceeds a black hole of the same 
energy). Such an object is likely to collapse into a black hole [28--31]. In 
fact, the Bekenstein bound means that such objects should be excluded 
— they would collapse into a black to restore the Bekenstein bound. For 
the same reason,4 we define the ``Bekenstein constant'' 𝐶 as the value 
that is saturated by a black hole in the case with generalized entropy.

Eq. (18) is an increasing function that reduces to 2𝜋 when 𝛿 → 1, 
consistent with the standard Bekenstein bound for Bekenstein-Hawking 
entropy. In fact, we can see from Fig. 1 that the original Bekenstein 
bound is satisfied for 𝛿 = 1, and that 𝐶 is strictly less than 2𝜋, indicating 
an even tighter bound than the original version, provided that 1∕2 < 𝛿 ⩽
1. In the limit of large 𝛿, we have 𝐶 → 4𝜋, twice the standard value.

This suggests that the relaxed Bekenstein bound can also be classified 
as:

(1) Strong Bekenstein Bound: 0 < 𝐶 < 2𝜋,

(2) (Original) Bekenstein Bound: 𝐶 = 2𝜋,

(3) Weak Bekenstein Bound: 2𝜋 < 𝐶 , with 𝐶∕2𝜋 =𝑂(1).

Note that the strong bound is not necessarily good if 𝐶 is too small. 
This is because one interpretation of the Bekenstein bound is that if 
a system has too much entropy it will collapse into a black hole, thus 
restoring the bound. If 𝐶 is too small, this suggests black hole production 
is much easier, which will likely lead to conflicts with the observed 
number density of black hole of various masses.

3. Bekenstein bound for Rényi-Schwarzschild black hole

We now consider another form of entropy that has been widely con

sidered in the literature: the Rényi entropy [32]. For black holes, this 
take the form [33,34]

𝑆𝑅 ≔
1 
𝛼
ln
[
1 + 𝛼

(
𝐴 
4𝐺

)]
,  𝛼 > 0, (19)

for which the limit 𝛼 → 0 recovers Bekenstein-Hawking entropy.

In the GEVAG approach, the gravitational constant for the Rényi case 
becomes, via Eq. (6),

𝐺eff = 𝐺

𝑓 ′(𝐴)
=𝐺

(
1 + 1

4
𝛼𝐴

𝐺

)
. (20)

This can be solved in terms of 𝐺 only by substituting in the Schwarzschild 
radius 𝑟 = 2𝐺eff𝑀 . The result is

4 Admittedly there is a caveat: whether hyper-entropic objects are indeed un

stable for the case of generalized entropy requires more detailed investigations.

𝐺eff = 1 −
√
1 − 16𝜋𝛼𝐺𝑀2

8𝜋𝛼𝑀2 . (21)

Thus the GEVAG approach readily implies a non-obvious upper bound 
for the Rényi parameter, which is crucial to ensure that 𝐺eff ∈ℝ:

𝛼 ⩽ 1 
16𝜋𝐺𝑀2 . (22)

This bound was also found in [35], although with a different approach 
and assumptions.

Note that Eq. (20) implies

𝑆𝑅 ≔
1 
𝛼
ln
[
1 + 𝛼

(
𝐴 
4𝐺

)]
= 1 

𝛼
ln
(
𝐺eff

𝐺

)
. (23)

Let us now derive the thermodynamic energy. The first law is 𝑑𝐸 =
𝑇𝑑𝑆𝑅. The Hawking temperature of the black hole is 𝑇 = 1∕8𝜋𝐺eff𝑀

[22]. Substituting in the expression for 𝑆𝑅 in Eq. (23), we can use the 
chain rule to get

𝑑𝐸 = 𝑇
𝑑𝑆𝑅

𝑑𝑀 
𝑑𝑀. (24)

Since

𝑑𝑆𝑅

𝑑𝑀 
= 1 

𝛼

𝑑

𝑑𝑀

[
ln
[
1 + 𝛼

(
4𝜋(2𝐺eff𝑀)2

4𝐺 

)]]
(25)

= 1 
𝛼

(
1 −

√
1 − 16𝜋𝛼𝐺𝑀2

𝑀
√
1 − 16𝜋𝛼𝐺𝑀2

)
,

upon simplifying the expression we finally obtain

𝑑𝐸 = 𝑑𝑀 √
1 − 16𝜋𝛼𝐺𝑀2

. (26)

Integrating this finally gives the thermodynamic energy:

𝐸 = 1 
4
√
𝜋𝛼𝐺

arctan

(
4
√
𝜋𝛼𝐺𝑀 √

1 − 16𝜋𝛼𝐺𝑀2

)
, (27)

which is considerably more complicated than the Tsallis case. Let us 
define the dimensionless quantity

𝑎≔ 𝛼𝐺𝑀2, (28)

so that the energy-mass relation can be written as

𝐸 =𝑀

[
1 √
16𝜋𝑎

arctan

( √
16𝜋𝑎√

1 − 16𝜋𝑎

)]
. (29)

We note that

lim 
𝑎→1∕16𝜋

[
arctan

( √
16𝜋𝑎√

1 − 16𝜋𝑎

)]
= 𝜋

2 
, (30)

and

lim 
𝑎→1∕16𝜋

𝑀√
16𝜋𝑎

=𝑀. (31)

Therefore

lim 
𝑎→1∕16𝜋

𝐸 = 𝜋𝑀

2 
. (32)

Thus the ratio 𝐸∕𝑀 → 𝜋∕2 in the limit 𝑎→ 1∕16. The behavior of 
𝐸∕𝑀 is shown in Fig. 2. In the small 𝑎 expansion, the thermodynamic 
energy 𝐸 reduces to

𝐸 =𝑀 + 8
3
𝑎𝜋𝑀 +⋯ , (33)

which smoothly reduces to 𝐸 =𝑀 in the limit 𝑎→ 0.

Again, we want to find the 𝐶 in the relaxed Bekenstein bound 
𝑆 ⩽ 𝐶𝑅𝐸. Since 𝐶 is defined to be the saturated value of the generalized 
Bekenstein bound, it can be obtained as 𝐶 = 𝑆∕𝑅𝐸. A direct computa

tion yields
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Fig. 2. The ratio 𝐸∕𝑀 for the Rényi-Schwarzschild black hole. The horizontal 
axis has been re-scaled for clarity. The domain of 𝑎 is 0 < 𝑎 < 1∕16𝜋 ≈ 0.0199. 
We have 𝐸∕𝑀 = 1 when 𝑎 = 0, the GR case. On the other hand, 𝐸∕𝑀 tends to 
𝜋∕2 when 𝑎→ 1∕16𝜋.

𝐶 =

1 
𝛼
ln
[
1 + 𝛼

(
𝐴 
4𝐺

)]

2𝐺eff𝑀

[
1 

4
√
𝜋𝛼𝐺

arctan

(
4
√
𝜋𝛼𝐺𝑀 √

1 − 16𝜋𝛼𝐺𝑀2

)] . (34)

Substituting in 𝐴 = 4𝜋(2𝐺eff𝑀)2 and the expression for 𝐺eff in Eq. (21), 
we finally obtain in terms of 𝑎,

𝐶 =

16
√
𝑎𝜋3 ln

(
1 −

√
1 − 16𝜋𝑎
8𝜋𝑎 

)

(
1 −

√
1 − 16𝜋𝑎

)
arctan

(
4
√
𝜋𝑎√

1 − 16𝜋𝑎

) . (35)

As shown in Fig. 3, unlike the Tsallis case, this is a decreasing func

tion, so it always satisfies 𝐶 ⩽ 2𝜋. In this case the strong Bekenstein 
bound is strictly satisfied. In the limit 𝑎 → 0, we recover the standard 
value 2𝜋 for the Bekenstein constant. It should be emphasized that it 
is crucial to make the distinction between the strong Bekenstein bound 
and the standard Bekenstein bound. In the latter, black holes saturate 
the bound, while other systems satisfy strict inequality. Whereas for the 
former, black holes saturate a bound whose value 𝐶 is less than 2𝜋. Due 
to this physical difference, it would be misleading to say that such gen

eralized entropy black holes satisfy the original bound.

4. Conclusion: general result

Given the vast literature of black holes with generalized entropy, it is 
crucial to clarify whether such black holes violate the Bekenstein bound 
or not. If one applies the generalized entropy directly, Bekenstein bound 
is indeed not expected to hold in general. However, instead of ruling out 
such generalized entropies, this could just be a hint that changing the 
entropy while keeping everything else unchanged is inconsistent. In this 
work, utilizing the GEVAG approach, we have explicitly demonstrated 
that both the Tsallis(-Cirto)-Schwarzschild black hole and the Rényi

Schwarzschild black hole satisfy the Bekenstein bound up to a constant 
term, as we claimed in [22].

Let us now present the general result for any generalized entropy 
𝑆 = 𝑓 (𝐴)∕4𝐺. For this to satisfy 𝑆 ⩽ 𝐶𝑅𝐸, with 𝑅 = 2𝐺eff𝑀 for the 
Schwarzschild black hole under GEVAG scheme [22], it suffices to let 
the Bekenstein constant be

𝐶 = 𝑓 (𝐴) 
8𝐺𝐺eff𝑀𝐸

. (36)

Fig. 3. The Bekenstein constant 𝐶 for Rényi-Schwarzschild black hole, as a func

tion of the dimensionless Rényi parameter 𝑎≔ 𝛼𝐺𝑀2 . The horizontal axis has 
been re-scaled for clarity. The domain of 𝑎 is 0 < 𝑎 < 1∕16𝜋 ≈ 0.0199. We have 
𝐶 → 2𝜋 in the limit 𝑎→ 0, and 𝐶 → 8 ln2 ≈ 5.5452 when 𝑎→ 1∕16𝜋.

This combination is clearly dimensionless and reduces to 2𝜋 in the 
GR limit. Furthermore, and crucially, we see that 𝐶 is bounded because 
𝑓 (𝐴) should be bounded by assumption (otherwise the generalized en

tropy 𝑆 = 𝑓 (𝐴)∕4𝐺 diverges, which does not make physical sense for 
a finite system). Likewise, 𝐺eff =𝐺∕𝑓 ′(𝐴) is nonzero as long as the en

tropy function 𝑓 (𝐴) is differentiable and 𝑓 ′(𝐴) is finite. This is sensible 
for the same reason: if 𝑓 ′(𝐴) diverges, then 𝑓 is becoming unbounded, 
which is not physical. The energy 𝐸 should also be finite for any sensible 
thermodynamical system. Furthermore, since 𝐸 should recover 𝑀 in the 
GR limit, at least for small deviation away from the Bekenstein-Hawking 
entropy, 𝐸 is guaranteed to be finite for any generalized entropy. (If for 
any unlikely reason, 𝐸 is divergent but 𝑆 finite, then the (weak) Beken

stein bound is trivially satisfied.)

In general, whether 𝐶 defined by Eq. (36) is necessarily less than 
2𝜋 has to be checked on a case by case basis. In our opinion, even if 
the prefactor is not 2𝜋 but any other finite number larger than 2𝜋, this 
should not be considered as a true violation of the Bekenstein bound (cf. 
the gross violation in Sec. 1), since its essential physics that the entropy 
should be bounded above by the product 𝑅𝐸 remains intact. Of course, 
if 𝐶 is too large, one may start to question whether we want to accept 
such a theory, but if 𝐶 > 2𝜋 but 𝐶∕2𝜋 is only 𝑂(1) or even 𝑂(10), such 
a ``weak Bekenstein bound'' is arguably still reasonable.

We therefore conclude that the Bekenstein bound, at least a ``relaxed'' 
form, remains valid if we consistently apply generalized entropy, namely 
by taking into account the effects of generalized entropy on the theory 
of gravity itself, via the GEVAG scheme. This sensible results also, in 
turn, lend credence to the GEVAG approach. Of course, if one insists on 
requiring that the deviation of 𝐶 from 2𝜋 is not too large, then one can 
still use it to constrain the parameter of the theory.
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